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The article is concerned with the Bourgain, Brezis and Mironescu theorem on the
asymptotic behaviour of the norm of the Sobolev-type embedding operator:Ws;p !
Lpn=ðnspÞ as s " 1 and s " n=p: Their result is extended to all values of s 2 ð0; 1Þ and is










dx dy ¼ 2p1jSn1j jjujjpLpðRnÞ
is proved. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let s 2 ð0; 1Þ and let p51: We introduce the space Ws;p0 ðR
nÞ as the
completion of C10 ðR










We also need the space W
s;p
? ðQÞ of functions deﬁned on the cube Q ¼ fx 2
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SOBOLEV EMBEDDINGS 231where u 2Ws;p? ðQÞ; 1=24so1; spon; q ¼ pn=ðn  spÞ; and cðnÞ depends only
on n:
The present article is a direct outgrowth of this result. Figuring out a
similar estimate for functions in W
s;p
0 ðR
nÞ; valid for the whole interval 0o
so1; one could anticipate the appearance of the factor sð1 sÞ in the right-
hand side, since the norm inW
s;p
0 ðR
nÞ blows up both as s " 1 and s # 0: The
following theorem shows that this is really the case.
Theorem 1. Let n51; p51; 0oso1; and spon: Then, for an arbitrary










where q ¼ pn=ðn  spÞ and cðn; pÞ is a function of n and p:
From Theorem 1, one can derive inequality (1) for all s 2 ð0; 1Þ with a
constant c depending both on n and p (Corollary 2). In the case s51=2
considered in ½BBM1; one has 1opo2n and therefore the dependence of the
constant c on p can be eliminated. Thus, we arrive at the Bourgain–Brezis–
Mironescu result and extend it to the values so1=2:
The proof given in ½BBM1 relies upon some advanced harmonic analysis
and is quite complicated. Our proof of (2) is straightforward and rather
simple. It is based upon an estimate of the best constant in a Hardy-type
inequality for the norm inW
s;p
0 ðR
nÞ; which is obtained in Theorem 2 and is
of independent interest.













Theorem 2. Let n51; p51; 0oso1; and spon: Then, for an arbitrary
















cðhÞ ¼ jSn1j1nðn þ 1Þð1 jhjÞþ;
MAZ’YA AND SHAPOSHNIKOVA232where h 2 Rn and plus stands for the nonnegative part of a real-valued
function. We introduce the standard extension of u onto Rnþ1þ ¼ fðx; zÞ : x 2




cðhÞuðx þ zhÞ dh:
A routine majoration implies
jrUðx; zÞj4




juðx þ zhÞ  uðxÞj dh:

















juðx þ zhÞ  uðxÞjp dx dh dz:
ð4Þ




z1þpð1sÞjrUðx; zÞjp dx dz
4














































































































jU jprn1sp dr ds; ð7Þ
where r ¼ ðx2 þ z2Þ1=2; cos y ¼ z=r; ds is an element of the surface area on
the unit sphere Sn; and Snþ is the upper half of S





















z1þpð1sÞjrUðx; zÞjp dx dz:














z1þpð1sÞjrUðx; zÞjp dx dz




















































































Setting d ¼ 21 and comparing this inequality with (8), we arrive at (3) with
cðn; pÞ ¼ jSn1j1ðn þ 2pÞ3pppþ22ðnþ1Þðnþ2Þ: The proof is complete. ]
From Theorem 2, we shall deduce an inequality, analogous to (3), for
functions deﬁned on the cube Q: Unlike (3), this inequality contains no
factor s in the right-hand side, which is not surprising, because, for smooth
u; the norm jjujjWs;p? ðQÞ tends to a ﬁnite limit as s # 0:
Corollary 1. Let n51; p51; 0oso1; and spon: Then any function














Proof. Let us preserve the notation u for the mirror extension of
u 2Ws;p? ðQÞ to the cube 3Q; where aQ stands for the cube obtained from
Q by dilation with the coefﬁcient a: We choose a cut-off function Z; equal to
1 on Q and vanishing outside 2Q; say, ZðxÞ ¼
Qn
i¼1 minf1; 2ð1 xiÞþg: By













































































2þn=pp1=pðs1=p þ ð1 sÞ1=pÞjjujjLpðQÞ: ð12Þ







juðxÞ  uðyÞjp dx dy42p
Z
Q
juðxÞ  uðzÞjp dx:
































MAZ’YA AND SHAPOSHNIKOVA236Combining this inequality with (12), we justify (11) and hence complete the
proof. ]
3. SOBOLEV EMBEDDINGS
Proof of Theorem 1. It is well known that the fractional Sobolev norm of
order s 2 ð0; 1Þ is nonincreasing with respect to symmetric rearrangement of
functions decaying to zero at inﬁnity (see [W, AL, Theorem 9.2; Ci]). Let









where jSn1j is the area of the unit sphere Sn1: Recalling that an arbitrary
















(see [HLP]), one ﬁnds that the right-hand side in (13) does not exceed
jSn1j
n














We now see that (2) results from inequality (3). ]
Corollary 2. Let n51; p51; 0oso1; and spon: Then any function









Proof. Let Z be the same cut-off function as in Corollary 1. The result
follows by combining inequality (11) with Theorem 1 where u is replaced
by Zu: ]
4. ASYMPTOTICS OF THE NORM IN W
s;p
0 ðR
nÞ AS s # 0










































































hence its lim sups#0 is dominated by jS
n1j1=pp1=pjjujjLpðRnÞ: The second term

































dx dy ¼ 0: ð15Þ
By assumption of the theorem, u 2Wt;p0 ðR
nÞ for a certain t 2 ð0; 1Þ: Let N be








































which is arbitrarily small if N is sufﬁciently large. The proof is complete. ]
Remark. Since the proof of Theorem 3 holds for vector-valued





































where y is the angle deviation from the vertical.
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